ABSTRACT. By combining the DiPerna and Lions techniques for the nonrelativistic Boltzmann equation and the Dudyński and Ekiel-Jeżewska device of the causality of the relativistic Boltzmann equation, it is shown that there exists a global mild solution to the Cauchy problem for the relativistic Boltzmann equation with the assumptions of the relativistic scattering cross section including some relativistic hard interactions and the initial data satisfying finite mass, energy and entropy. This is in fact an extension of the result of Dudyński and Ekiel-Jeżewska to the case of the relativistic Boltzmann equation with hard interactions.
INTRODUCTION
We are concerned with a global existence of mild solution to the Cauchy problem for the relativistic Boltzmann equation with the relativistic scattering cross section including some relativistic hard interactions through initial data satisfying finite mass, energy and entropy. The relativistic Boltzmann equation (hereafter RBE) is of the following dimensionless form (see [5] ) ∂f ∂t + p p 0 ∂f ∂x = Q(f, f ) (1.1) for a one-particle distribution function f = f (t, x, p) that depends on the time t ∈ R + , the position x ∈ R 3 , and the momentum p ∈ R 3 , where p 0 = (1 + |p| 2 ) 1/2 and Q(f, f ) is the relativistic collision operator whose structure will be addressed below. Here and throughout this paper, R + represents the positive side of the real axis including its origin and R 3 denotes a three-dimensional Euclidean space. The collision operator Q is expressed by the difference between the gain and loss terms respectively defined by In equations (1.2) and (1.3), S 2 is a unit sphere surface in R 3 , (p ′ , p ′ 1 ) are dimensionless momenta after collision of two particles having precollisional dimensionless momenta (p, p 1 ), p 10 is defined by p 10 = (1+ |p 1 | 2 ) 1/2 and represents the dimensionless energy of the colliding particle having the momentum p 1 immediately before collision of two particles, B(g, θ) is the collision kernel of the momentum distance and scattering angle variables g and θ which are respectively denoted by
representing the dimensionless energy of the colliding particle having the momentum p ′ immediately after collision of two particles, and dΩ = sin θdθdψ is the differential of area on S 2 for any θ ∈ [0, π] and ψ ∈ [0, 2π].
In (1.6), the third term of the integral can control the Boltzmann entropy at an initial time while the two other terms of the integral, from left to right, respectively represent the mass and the energy in the relativistic system at the initial time. The finiteness of all the integrals states that the relativistic system has finite mass, energy and entropy at the initial state. There are many authors who have contributed to the study of the Cauchy problem for RBE, e.g., Bichteler [3] [11] . Many other relevant papers and books can be found in the references mentioned above.
The DiPerna and Lions techniques (see [6] ) for the nonrelativistic Boltzmann equation were originally applied by Dudyński and Ekiel-Jeżewska [10] to their proof of a global existence of solutions to the Cauchy problem for RBE with the assumptions of the relativistic scattering cross section excluding the relativistic hard interactions and the initial data satisfying finite mass, energy and entropy. Unlike in the nonrelativistic case, the relativistic initial data is not required to have a finite "inertia" since the causality of solutions to RBE is used by Dudyński and Ekiel-Jeżewska into their proof. Their results are correct (except the boundness of the entropy at any time without such an assumption as a finite "inertia" considered below) but their assumption of the relativistic scattering cross section does not include the cases of the relativistic hard interactions. After that, a different proof was also given in [18] to show a global existence of solutions to the large-data Cauchy problem for RBE with some relativistic hard interactions. In his proof, the property of the causality is not used directly in solving the Cauchy problem but it is assumed that the initial data satisfies
i.e., finite mass, "inertia", energy and entropy. Unlike in the nonrelativistic case, the initial condition (1.7) indicates that the relativistic "inertia" is required to involve an integral of f 0 p 0 |x| 2 over space and momentum variables because of the fact that the physically natural a priori estimates of the solutions to RBE are made by using the relativistic collision invariant p 0 (x − pt/p 0 ) 2 + t 2 /p 0 of two colliding particles immediately before and after collision while those to the nonrelativistic Boltzmann equation result from the nonrelativistic collision invariant (x − vt) 2 . The objective of this paper is to show that there exists a global mild solutions to the large-data Cauchy problem for RBE with some relativistic hard interactions under the condition of the initial data f 0 satisfying (1.6), that is, Theorem 1.1. Let B(g, θ) be the relativistic collision kernel of RBE (1.1), defined above, and B R a ball with a center at the origin and a radius R, A(g) = S 2 B(g, θ)dΩ. Assume that
Then RBE (1.1) has a mild or equivalently a renormalized solution f through initial data f 0 with (1.6), satisfying the following properties
This theorem is in fact an extension of the result given by Dudyński and Ekiel-Jeżewska [10] to the relativistic system with hard interactions. The reason is found that both the causality of RBE and the conservation of mass and energy in the relativistic system guarantee the relativistic "inertia" involving an integral of f p 0 |x| 2 over all the space and momentum variables to be successfully estimated at any time.
It is clear that the condition (1.8) is equivalent to the following one:
which was first defined by Jiang [18] . The assumption (1.9) was originally introduced by Jiang (see [17] , [19] ). Obviously, the relativistic assumptions (1.8) and (1.9) are similar to the following nonrelativistic ones adopted by DiPerna and Lions [6] : 16) where
It is also easy to see that the condition (1.9) includes some relativistic hard interactions defined as S 2 B(g, θ)dΩ ≥ Cg 2 , where C is a positive constant (see [9] ). For example, if B(g, θ) = s
satisfies (1.8) and (1.9), and it is a relativistic hard interaction kernel. But it was assumed by Dudyński and Ekiel-Jeżewska (see [10] ) that B(g, θ) satisfies (1.8) and the following condition:
where B R and A(g) are the same as (1.9); it has been claimed in [10] that their assumptions of B(g, θ) exclude the relativistic hard interactions. In fact, since g 2 = (p 10 p 0 − p 1 p − 1)/2, it is easy to see that
for A(g) ≥ Cg 2 , where C is a positive constant and R > 0. This implies that (1.17) does not hold in the relativistic hard interaction cases. It follows that (1.17) is more restrictive than (1.9). The rest of this paper is organized as follows. Besides the conservation laws of mass, momenta and energy in the relativistic system, the property that the entropy of the system is always a nondecreasing function of t is described in section 2. Finally, in section 3, the DiPerna and Lions techniques and the Dudyński and Ekiel-Jeżewska devices are successfully applied to prove the global existence of solutions to the Cauchy problem for RBE with hard interactions in L 1 if the initial data satisfies finite mass, energy and entropy. The physically natural a priori estimates of the solutions are also shown to be bounded in any given finite time interval.
CONSERVATION LAWS AND ENTROPY
As in the nonrelativistic case, the structure of the relativistic collision operator maintains not only the conversation of mass, momenta and energy in the relativistic system, but also the property that the entropy of the system does not decrease.
Since energy and momenta of two colliding particles conserve before and after collision, that is,
where
It requires further analysis of the relativistic collision term to show the conversation laws in the relativistic system. By using (2.1) and (2.2), it can be easily proved that
p is independent of t for any distributional solution f to RBE (1.1). This yields the conservation of mass, momentum and kinetic energy of the relativistic system.
It is well known that the nonrelativistic Boltzmann equation has the conservation of the integral of f (x − vt) 2 over all the space and velocity variables besides the conservation of mass, momentum and kinetic energy of the nonrelativistic system. This is because (x − vt) 2 is an invariant of two nonrelativistic colliding particles immediately before and after collision. In the relativistic case, although p 0 (x − tp/p 0 ) 2 + t 2 /p 0 is a relativistic invariant of two colliding particles immediately before and after collision, the integral of f [p 0 (x − tp/p 0 ) 2 + t 2 /p 0 ] over all the space and momentum variables changes with t. In fact, by multiplying RBE (1.1) by p 0 (x − tp/p 0 ) 2 + t 2 /p 0 and integrating by parts over x and p, it is easy to see that
which yields the estimate of the integral R 3 ×R 3 f [p 0 (x − tp/p 0 ) 2 + t 2 /p 0 ]d 3 xd 3 p under the assumption of (1.7). This is why the assumption (1.7) was really made by Jiang [18] before. Fortunately, it can be easily known from (2.5) that 6) which is very useful to the estimate of the relativistic entropy integral considered below. By (2.6), the desired estimate of R 3 ×R 3 f p 0 |x| 2 d 3 xd 3 p under the assumption of (1.7) can be also made successfully. To show this estimate, it requires the following identity d dt
derived by multiplying RBE (1.1) by p 0 |x| 2 and integrating by parts over x and p, and hence
which yields the following inequality
for any given T > 0 by multiplying the two sides of (2.8) by e −t and using the conservation of the mass of the relativistic system. The inequality given by (2.9) illustrates that the relativistic "inertia" of f p 0 |x| 2 over all the space and momentum variables is at any time controlled by both mass and "inertia" at the initial state of the relativistic system. The above analysis also dedicates that the conservation of mass and energy guarantees the relativistic "inertia" involving an integral of f p 0 |x| 2 over all the space and momentum variables to be successfully estimated in the relativistic system at any time. The physically natural estimates of solutions to RBE (1.1) require not only the relativistic conservation laws but also the property that the entropy is always a nondecreasing function of t in the relativistic system. To show this property of the relativistic entropy, the relativistic entropy identity has to be first considered as in the nonrelativistic case. It is easy to at least formally deduce the following entropy identity
by multiplying RBE (1.1) by 1 + ln f, integrating over x and p and using (2.3). In general, for convenience, put H(t) = R 3 ×R 3 f ln f d 3 xd 3 p, and H(t) is called H-function. Boltzmann's entropy is usually defined by −H(t). The second term in (2.10) is nonnegative and so H(t) is a nonincreasing function of t. This means that the entropy of the relativistic system does not decrease. This property allows the desired estimate of the relativistic entropy to be derived from the Cauchy problem for RBE. In fact, the entropy can be controlled by the integral R 3 ×R 3 f | ln f |d 3 xd 3 p for any nonnegative solution to RBE (1.1) and so it is natural to make the considered estimate of the integral instead of the entropy. Notice that uniformly in {p 1 : |p 1 | ≤ k} as n → +∞ for all R, k ∈ (0, +∞). Then it leads to the problem of solving the approximate equation
Here and below,Q n is defined byQ n (ϕ, ϕ) = (1 + 1 n R 3 |ϕ|d 3 p) −1 Q n (ϕ, ϕ) and
6) here and below everywhere, C n is a nonnegative constant independent of ϕ and ψ.
By following DiPerna and Lions [6] , the initial data f 0 can be first truncated and regularized to get a sequence of nonnegative functions f n 0 ∈ D(R 3 × R 3 ) such that
Then there exists a unique nonnegative distributional solution f n m = f n m (t, x, p) to the problem of the approximate equation (3.2) with the initial data f n m,0 ≡ f n 0 1 Bm (x) for any given ball B m ≡ {x : |x| < m}. It can be also easily proved
and that f n m satisfies the following properties:
By using (2.9) and (2.12) and with the help of Gronwall's inequality, it can be further found that
14)
It also follows by (2.10) that
In (3.13), C 0 is a positive constant which is only dependent of f 0 . In (3.14) and (3.15), C T m is a positive constant dependent of m, f 0 and T except of n. It can be easily deduced from (3.13) and (3.14) that {f n m } ∞ n=1 is weakly compact in L 1 ((0, T )×R 3 ×R 3 ) for T ∈ (0, +∞) when m is fixed. Thus it may be assumed without loss of generality that f n m converges weakly in
It can be also proven that for any fixed m, T, R ∈ (0, +∞),
are weakly compact subsets of L 1 ((0, T )×R 3 ×B R ). It further follows that f m is a global mind solution to RBE (1.1) with the initial data f m,0 , satisfying 19) by analyzing step by step the relaxation of the normalization and construction of subsolutions and supersolutions with a similar device to that given by DiPerna and Lions [6] . This analysis not only allows for the relations among three different types of solutions to RBE (1.1) (see [18] ) but also requires the momentum-averaged compactness of the transport operator of RBE (1.1) (see [15] or [16] ). Here, (3.19) is derived from (3.13).
Below is a modification of the devices of Dudyński and Ekiel-Jeżewska [10] . By using both the causality and the uniqueness of solution to the approximate relativistic Boltzmann equation (3.2) , it is easy to see that if n is fixed, f n m is convergent as m → ∞ for almost every (t, x, p). Put f n = lim m→∞ f n m . Then f n is a unique global distributional solution to the approximate equation (3.2) through f n 0 . It can be also found that {f n } ∞ n=1 is weakly compact in L 1 ((0, T ) × B m × R 3 ) for any given T > 0 and m > 0. It may be assumed without loss of generality that f n converges weakly in L 1 ((0, T ) × R 3 × R 3 ) to f for any given T > 0. It follows that f m converges to f as m → ∞ for almost every (t, x, p). Hence f is a global mild solution to RBE (1.1) through f 0 . By (3.16), (3.17) , (3.18) and (3.19) , it can be also shown that f satisfies (1.10), (1.11), (1.12) and (1.13). This completes the proof of Theorem 1.1. 
